A geometrical origin of the right-handed neutrino magnetic moment 
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We propose a new form of contribution for the anomalous magnetic moment of all particles. This 
common origin is displayed in the framework of the recent treatment of electrodynamics, called 
Dynamical Bridge Method, and its corresponding introduction of an electromagnetic metric which 
has no gravitational character. This electromagnetic metric constitutes a universal process perceived 
by all bodies, charged or not charged. As such it yields automatically a conclusive explanation for 
the existence of a magnetic moment for the right-handed neutrino. 
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I. INTRODUCTION 

In this paper we argue that the magnetic moment of 
any particle is compound of two very distinct parts: the 
standard one that depends on the charge of the parti- 
cle (and consequently, from dimensional analysis, is in- 
versely proportional to the corresponding mass); and an- 
other part (the metrical magnetic moment) that depends 
linearly on the mass. This second part - which is many 
orders of magnitude lower than the standard one, as we 
shall see - is common for all particles and docs not de- 
pend on the charge. We shall argue that part of the 
anomalous magnetic moment of the electron (and others 
particles) is due to the metrical magnetic moment. We 
analyze the specific case of the neutrino to exemplify this. 

Although neutrino does not have a standard magnetic 
moment, once it has no charge, there have been investiga- 
tions concerning the possibility that beyond the standard 
model neutrino could have an effective magnetic one [1], 
[2], [3] and [4]. For any charged particle the magnetic 
moment (fx) is inversely proportional to the correspond- 
ing mass. However in the case of neutrino v it has been 
suggested that /i^ depends linearly on its mass. Such 
strange dependence is a consequence of the way the neu- 
trino magnetic moment was introduced. The purpose of 
the present work is to suggest a new way to understand 
the origin of such magnetic moment which also depends 
linearly on the mass of the neutrino. 



II. THE ELECTROMAGNETIC DYNAMICAL 
BRIDGE 

In a recent work [5] it was shown that the linear 
Maxwell electrodynamics described in a flat Minkowski 
background is dynamically equivalent to the Born-Infeld 
theory in a curved space-time endowed with an associated 
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metric g'"'. In other words, there is a Dynamical Bridge 
relating these two theories in such a way that they are 
distinct representations of one and the same dynamics. 
This means that any solution of the former will be also 
a solution of the latter, which is given in terms of a pre- 
scribed map. This highly nontrivial task only becomes 
possible if the metric of the space-time depends explicitly 
on the electromagnetic field. Due to the algebraic struc- 
ture of the electromagnetic two-form F^^ and its dual, 
there exist a kind of closure relation that allows the ex- 
istence of this mapping, thus generating a "Dynamical 
Bridge" (DB) between the two paradigmatic theories. 
The price payed is to leave the Minkowski background 
77^1^ and go to a specific curved space-time that is 
constructed solely in terms of the background metric and 
the electromagnetic fields. We call DB the mapping that 
implements such a modification of representation. The 
complete recipe of the map and the corresponding dis- 
cussion of its properties was made in the quoted paper 
[5] . At first sight this procedure may appears as a simple 
mathematical tool. However we shall use this equivalence 
in order to reveal new physics. Let us first of all make a 
short resume of the proposal of the DB. 

Let a field F^^i, be defined in a flat Minkowski geometry 
77^1^ and satisfying Maxwell equation of motion. It is 
straightforward to show that this field satisfy the Born- 
Infeld dynamics, that is, 

d.(^^iF^''~^GF*n)^0, (1) 

in a curved space-time endowed with the electromagnetic 
metric defined as 

g^"^ = a^/^'' + 5$^^ (2) 
where q is the determinant of tlie metric g^j/ and 

The coefficients a and 6 are given functions of the in- 
variants F = Ffj^y F^^ and G = F^^ F*^ chosen in such 
a way to make both dynamics equivalent. All quantities 
with a hat are raised and lowered with the q^^^ metric. In 
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particular, the invariants F and G are constructed with 
the q^" metric^. 

In the case F /3^, as it was shown in [5] the metric 
can be approximated as 

qt„y ~ V^ii^ + <l>tJ.<^- (3) 

In this paper we shall examine only this case. 

Henceforth we will call MM-rcprcscntation when one 
chooses to describe electromagnetic effects in the stan- 
dard Maxwell linear theory in the flat Minkowski space- 
time. On the other hand, when one chooses to take the 
dynamical bridge approach and describe the same effects 
in the Born-Infeld non-linear theory in a curved space- 
time driven by the metric q^'^ it will be called the Q- 
representation. Let us emphasize that these representa- 
tions describe one and the same dynamics. 



III. THE ELECTROMAGNETIC METRIC 

The presence of a curved structure of the space-time in 
the realm of electromagnetic fields can be an important 
theoretical instrument of analysis only if one introduces 
a prescription of how matter can perceives this geometry. 
The question is: how matter interacts with the electro- 
magnetic metric? In order to explore this metric formu- 
lation wc have to generalize it to deal with the presence 
of matter. At this point wc propose the natural idea that 
all kind of particles, charged or not, interacts with 
the q^i, in one and same way. The simplest mode to 
realize this is by using the minimal coupling principle. 
Let us examine the specific case of spinorial fields (e.g. 
the neutrino and the electron) to investigate what kind 
of new effects one can envisage within this metrical sce- 
nario. 

This extended dynamical bridge concerns the behavior 
of all kind of matter. In the Q-representation the assump- 
tion of complete democracy - that is, the idea that any 
kind of chargcd-or-not matter lives in the Q-geometry 
- must have an equivalence in the Maxwell-Minkowski 
(MM) representation. The equation of motion of the 
neutrino that includes the metric effects of the electro- 
magnetic geometry must have an equivalence in the MM- 
representation; one has to accept that in this representa- 
tion there should exists an extra term in the Lagrangian 
which is the analogue of the g'^'^-metric coupling. For 
instance, the role of the parameter /3 that appears in the 
Q-representation becomes in the MM-representation the 
ratio between the magnetic moment of any particle and 
its corresponding mass, as it will be shown latter on. 



IV. MINIMAL COUPLING PRINCIPLE 

Let us describe electromagnetic effects in the Q- 
representation. We can explore the dynamical equiva- 
lence displayed by the DB and envisage an extended way 
to couple any matter with the electromagnetic field. In 
the traditional way only charged matter is able to couple 
directly to the electromagnetic field. However, the mod- 
ification of the metric structure due to the presence of 
the electromagnetic field allows a new possibility that we 
will explore. 

The equivalence between Maxwell dynamics in a fiat 
space-time and Born-Infeld theory was shown by con- 
sidering only the free field. We extend this equivalence 
by assuming that matter coupling to the EM field can 
be described either in the MM-representation or in the 
g^i^ framework. Let us investigate the consequences of 
the analysis in the Q-representation. We start by noting 
that there are two possible forms of the interaction of 
matter with EM field, that is 

• through the potential A^,; 

• through the metric tensor g'"^. 

Once this second form was not considered before, we con- 
centrate here only in the second way of interaction. Let 
us point out that the existence of the electromagnetic 
geometry has further consequences only if this geometry 
is perceived for all kind of matter. We are then led to 
state an apparently counter-intuitive assertion: every sin- 
gle body lives in the electromagnetic geometry q'^'^ . This 
means that a particle can couple to the electromagnetic 
field without having electric charge. To be precise: if a 
particle has a charge it couples with the electromagnetic 
field through the standard channel via the potential . 
This happens only for the class of bodies that are named 
charged. On the other hand all particles (charged or not) 
interacts with the electromagnetic geometry in an unique 
and same way. Let us see the observational consequences 
of this. 



V. COUPLING THE NEUTRINO TO THE 
ELECTROMAGNETIC FIELD 

In the case of neutrino that does not have a charge, 
there is only the metric way to couple directly to the 
electromagnetic field. Let us apply the minimal coupling 
principle in this case. 

In the electromagnetic metric we define the associated 
7" matrices by 

+r7^ =2g^''l, (4) 

where 1 is the identity in the associated Clifford algebra. 
From the equation (3) we obtain^ 



See the appendix to find the definition of quantities that appear 
in this expression, Hke U and others. 



^ The most general expression of the 7*^ in terms of the constant 
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r 



r 



1 



(5) 



Therefore, the evolution equation for the spinor field be- 
comes 



ihcY^ * - mc^ * = 0, 



(6) 



where the covariant derivative is given in terms of the 
Christoffel symbol constructed with the electromagnetic 
metric and the internal connection is provided by the 
Fock-Ivancnko coefficients obtained from the Riemannian 
condition 



(7) 



where is an element of the associated Clifford algebra. 
In the absence of any kind of matter the commutator that 
appears in the right-hand-side vanishes. However, when 
matter of any kind exists then depends on both the 
electromagnetic field and on the properties of the matter 
field and it is provided by 



^. = ^^— 7 75. 



(8) 



Note that (7) is the general condition that allows the ge- 
ometry to be Riemannian [6] , that is the covariant deriva- 
tive of the metric vanishes: Vq, q^'^ = 0. 

Using these expressions and (3) into the equation of 
motion of ^ it becomes 



the origin of the magnetic moment of all - charged or 
not - particles. The compatibility of this with Maxwell- 
Minkowski representation implies that the Lagrangian 
describing the interaction of the neutrino with the elec- 
tromagnetic field contains an extra term that in this MM- 
representation should be put by hand. In other words, 
the presence of a magnetic moment for the neutrino in the 
standard MM-representation should not be viewed as an 
exotic surprise but instead should be understood - on the 
light of the Dynamical Bridge - as a consequence of the 
universality of the q geometry in the Q—representation. 



VI. COUPLING THE ELECTRON TO THE 
ELECTROMAGNETIC FIELD 

It is important to point out here that the value of the 
magnetic moment obtained in the previous section con- 
tains only the general contribution for any particle, be it 
charged or not. Charged particles have an extra source 
for ^ that is related to their charge. The electron stan- 
dard magnetic moment, for instance, is the Bohr magne- 
ton ^.B = eh/2me. Thus the total value of the electron 
magnetic moment should read 



nie c 



The first part is the standard term and the second cor- 
responds to the geometrical part. Quantum corrections 
could be added to this formula. 



■F^,a'"'-f5^ -mc^^ = 0. (9) 



The Hermitian conjugate equation for ^ is 



mc 



^Ff^^a^'^-fs+mc^^ ^0, (10) 



where af"" = 1/2 {jf^-f" - Yl^)- 

We note that the net effect of the minimal coupling is 
to provide an effective magnetic moment for the right- 
handed neutrino that depends on its mass and on the 
parameter /3, that is 
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(11) 



Let us point out that the hypothesis of universality 
of the q^^ revealed the existence of an extra source for 



Dirac matrices 7'' and the electromagnetic field _F^^ is 

where p and q are constants satisfying 2q = + 1 and e 
— 1/2/9^. To simplify our exposition here we set p = 0. 



VII. COMPARISON WITH EXPERIMENTS 

In this section we compare the above proposal of the 
contribution of the electromagnetic metric to the mag- 
netic moment of charged and non-charged particles with 
observational results. We note that there are just two 
precise measurements for the anomalous magnetic mo- 
ment. The first one is the case of the electron (the most 
precise one) which allows tests of the QED, in particu- 
lar the fine-structure constant a. The second one is the 
muon magnetic moment which however is less precise but 
can test the entire Standard Model [8]. Nowadays, the 
anomalous magnetic moment of the r is unobservable due 
to its very short mean life. However, there is an estima- 
tive of the anomaly that yields an upper limit of less than 
13 X 10~^. We will not analyze here the case of composed 
particles, like protons and neutrons, once physics of their 
components is still under construction. 

Currently, the discrepancy between the experimental 
and theoretical values of the anomalous magnetic mo- 
ment of the leptons is tiny'^. The loop-quantum correc- 
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tions of the standard magnetic moment make this dis- 
crepancy very small, hence restricting the possibility of 
new physics. The anomalous value of the magnetic 
moment fii of the particle i is defined by 



with our predictions. Indeed, using our formula (11) we 
have 

= 1.08 X 10"^ (18) 



me I-Lb 



-1, 



(12) 



where = eh/2me is the Bohr magneton, me is the 
electron mass and gi and are respectively the Lande 
factor and the mass of the particle in consideration. For 
the case of the muon [9] , the difference d between the ex- 
perimental E and the theoretical T values of the anomaly 
is 



ai = a^-al = (1.90 ± 0.19) x 10" 



(13) 



Therefore, this is the upper bound (up to now) in which 
the geometrical magnetic moment jiQ could contribute. 
So, if one considers that effects due to the matter cou- 
pling with q^'^ appear at this order of magnitude, one 
gets 



2m. 



(14) 



Let us now discuss the exceptional case of the neu- 
trino. As an uncharged elementary particle, we could ex- 
pect that neutrino does not have any magnetic moment. 
Notwithstanding, the standard model predicts a nonzero 
magnetic moment, which depends linearly on the mass. 
From our above discussion it seems natural to propose 
that the existence of the neutrino magnetic moment has 
only a geometrical origin. Then, we can estimate the 
value for the neutrino magnetic moment as being given 

by 



m^c 



.70 X 10-2° 



(19) 



This value is compatible with the range of the values ob- 
tained from distinct areas of physics 4 x IQ-^^/zb < fji^ < 
9 X lO-^Ats [11], [12] and [13]. Finally we remark that 
our prediction is close to the established by the Standard 
Model (w 3.2 x lO-^Vs)- 



On the other hand, our proposal of the geometrical 
magnetic moment is given by 



/3 



(15) 



If one assumes that the geometrical coupling realize all 
the remaining terms for the muon anomaly, it is possible 
to estimate from our formula (15) the critical electro- 
magnetic field: /? « 2.0 x lO^'^T. Assuming that the 
calibration given by the outcomes above is valid, the ge- 
ometrical corrections in the case of the magnetic moment 
of the electron is forecasted to be 



4.44 X 10" 



-14 



(16) 



The standard experimental (E) and theoretical (T) dif- 
ference in the ease of the electron is about 600 times 
smaller than the muon flO], that is 



VIII. CONCLUSIONS 

The possibility of describing the dynamics of linear 
Maxwell theory in terms of the non-linear Born-Infeld 
theory is certainly an unexpected result. As it was proved 
in [5] , the price to pay is to introduce a curved geometry 
which has only electromagnetic character. In the present 
work we try to go one step ahead by generalizing this 
equivalence in the presence of matter. The geometry in 
the Q representation is associated to all bodies, charged 
or not. This implies several conditions that we explore 
here only in the case in which the field is very far from 
its maximum (3. The most unexpected result is the ap- 
pearance of a magnetic moment for the neutrino. The 
comparison of our approach to the observational results 
indicates that our theory is not in contradiction with ob- 
servation. This model should be further investigated and 
the case of very high electromagnetic fields examined. 
We will come back to this elsewhere. 



= af - af = (3.13 ± 5.20) x 10" 



(17) 



As we can see, the prevailing experimental errors 
is compatible with Q geometry effects in the electron 
anomaly. Concerning the case of the r anomaly it is 
predicted to be less than 13 x lO^'^, which is compatible 



[7] 
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IX. APPENDIX A: SPINORIAL COVARIANT 
DERIVATIVE 

From the condition (7) it follows that the internal con- 
nection is provided by 

rp = f;:^ + n<, (20) 

where is an arbitrary vector satisfying the Clifford 
algebra and is the Fock-Ivancnko connection defined 
in terms of the 7^'s as follows 



In Maxwell's theory, every tensor is raised and lowered 
by the Minkowski metric 77^^ while in the curved space- 
time where we defined the Born-Infeld theory must be 
raised and lowered using (7^1.. 

Maxwell Theory: it is given by the ry^^-metric and 
the Lagrangian L = — jF. 

Then, 



1 r 



7^7A,p-7A,p7^+fL(7.7^-7H) , (21) 



where f is the Christoffel symbol constructed with the 
q'"^ metric. Thus, the covariant derivative of is given 
by 



(22) 



In order to preserve the probability distribution 
V^(^vl/) = d^{^'^), the adjoint of this expression must 
be 



(23) 



The probability current = 5(7^ \|/ is also conserved 
(Vp = 0) with the choice of V^^ given by (8), under 
the condition that -F)„y(7^'' = 0. 



X. APPENDIX B 

The two scalar invariants of the electromagnetic theory 
are defined as 



F = F^-'F^, = 2 ( IBI 



G = F'"' = -AE.B. 



Using these definitions, a direct calculation shows the 
following algebraic relations 



* * p 

pfia p _ pfj,a p — 

ptJ-a p _ 

^ ^ au 4 ' 

G 



F 



F^^F'^^F'', = -- F^ , - -F^,, 
F^^^F''pF\F\ = ^<5^ - 



(24) 
(25) 
(26) 
(27) 



Born-Infeld Theory: it corresponds to the q^i,- 
metric and the nonlinear Fagrangian 

Then, 



U = 1 



G 



2/32 16/34 ' 

F^F^.F^pr'^q"^, 
1 



G 



(luap p p ptJ-v p 



The (jpjy metric depends on the electromagnetic field. 
Due to the algebraic relations (24)-(27), there is a unique 
way to introduce the electromagnetic metric (EM met- 
ric), namely. 



(28) 



where a and b are two arbitrary functions of the two 
Forentz invariants F and G and again cj)'^'^ = F^^Fa". 
The term electromagnetic metric is justified by the fact 
that q^i, is uniquely defined in terms of the electromag- 
netic fields. 
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